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Abstract. In this article we consider a Fokkcr-Planck equation with a non-local, mass 
preserving perturbation. We show that the perturbed Fokker-Planck operator generates a 
Co-semigroup on an exponentially weighted L^-space. Surprisingly, the spectrum of the 
Fokker-Planck operator is not affected by the perturbation. In particular there still exists a 
unique (normalized) stationary solution of the perturbed equation. And we have convergence 
towards the stationary state with exponential rate —1, the same rate as for the unperturbed 
Fokker-Planck equation. Moreover, for any fc G N there exists an invariant subspace with 
finite codimension in which the exponential decay rate equals —k. 

As a byproduct of our analysis we characterize the spectrum of the Fokker-Planck operator 
in L^-spaces with exponential weights. 



1. Introduction 

This work deals with the analysis of the following class of perturbed Fokker-Planck equations: 

dtf = V-(V/ + x/) + e/=: A/ + e/ (1.1a) 

/|t=o - ¥'(x), (1.1b) 

where t > 0, x e K'' with d E N, and / — /(i,x). Here, dtf denotes the time derivative. The 
linear, non-local operator O is given by a convolution Of = * / with respect to x, where 
its kernel ?? is assumed to be time-independent and massless, i.e. J^^^ ^^(x) dx ~ 0. Also, it is 
assumed to satisfy certain regularity conditions, which will be specified in the Sections [3] and SI 
The above equation is mainly motivated by the kinetic Wigner-Fokker-Planck equation, 
describing so-called open quantum systems, see [31 It is of the form 

dtu = Vx,v ■ (Vx,vM + (Vx,v^ + F)?i) + E[V]u 

u\t=o = Uq, 

where u — u{t, x, v), with x, v e M.'^. The coefficient function Vx,v^ -I- F is affine in (x, v), and 
S[y] is a non-local operator (convolution in v) determined by an external potential ^(x). One 
question of interest in this problem is to show the existence of a unique normalized stationary 
state, and to prove uniform exponential convergence of the solution to the stationary state. In 
the case of a quadratic confinement potential with a small perturbation these questions have 
been answered positively in [3], see also [5] for an operator-theoretic approach. However, from 
the physical point of view, the restriction to nearly quadratic potentials seems quite artificial. 
This raises the question if the results can be extended to a more general family of (confining) 
potentials. In order to gain insight into what can be expected and what mechanisms are 
responsible for the actual behaviour, we shall consider here (jl.ll) as a similar, yet simplified 
model, which still preserves the essential structure. The non-local operator is replaced by 
a convolution with kernel 

Other examples of non-local (and partly non-linear) perturbations in Fokker-Planck equa- 
tions appear e.g. in the vorticity formulation of the 2D Navier-Stokes equations (cf. (12)-(14) 
in [T3]) or in electronic transport models (cf. equations (1), (6), (7) in |21]V 

For the unperturbed equation (jl.ip . i.e. the case d = 0, the natural functional setting is 
the space L^(/i~^), where /i(x) = exp(— |xp/2). Here, /^/(27r)'^/^ is the unique steady state 
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with normalized mass, i.e. J^^ ii/{2itY^^ dx = 1, and all solutions to initial conditions with 
normalized mass decay towards this state with exponential rate of at least —1, see e.g. 5 . 
However, if Q is added, the situation often becomes more complicated. One reason is that 
many non-local (convolution) operators are unbounded in the space This can be 

illustrated for the simple example with the convolution kernel = d-a — 5a, a e R, in one 
dimension. It corresponds to the operator {Qf){x) = f{x + a) — f{x — a), x G M., which is 
unbounded in L^(iJ,~^). In this case one can show that every (non-trivial) stationary state 
of (jl.ip is not even an element of L^lji"^). Thus, this space is not suitable for our intended 
large-time analysis, since it is "too small" . This motivates to consider (jl.lD in some larger space 
L^(uj), with a weight lu growing slower than Due to the previous discussion we shall choose 
ui such that a large class of non-local operators becomes bounded. But the new space should 
not be "too large" either, since we would risk to loose many convenient (spectral) properties 
of the unperturbed Fokker-Planck operator. It will turn out that a;(x) := cosh/3|x|, /? > 0, 
is a convenient choice. Our spectral analysis of the Fokker-Planck operator in such weighted 
spaces is based on a technique developed in [15] and [23] , which enables us to carry over certain 
spectral properties of L in L'^{fi~^) to larger spaces L'^{uj). Here we focus on exponentially 
weighted spaces, even though our results are applicable to polynomial weights as well. For the 
latter case the spectrum of L has been studied in more detail in [T3]. Furthermore, our results 
complement the analysis of Metafune ^2 j where a larger class of Ornstein-Uhlenbeck operators 
is investigated in unweighted L^-spaces with p > 1. 

This paper is organized as follows. Since the analysis in the d-dimensional case is very similar 
to the one-dimensional case, we first discuss (in Sections [5] and [3]) the one-dimensional problem 
in great detail, to keep the notation and arguments more concise. In Section 01 we generalize 
the proofs to higher dimensions. 

In Section [5] we investigate the one-dimensional Fokker-Planck operator in L'^{uj) (denoted 
by £), and show that its spectrum is —No, and consists entirely of eigenvalues. All eigenspaces 
are one-dimensional, in particular the stationary state is unique up to normalization. Moreover, 
the operator C generates a Co-semigroup of uniformly bounded operators on L^(w), and any 
solution of (jl.ll) for = converges towards the (appropriately scaled) stationary solution 
with exponential rate of at least —1. More generally, for any k G No there exists an £- invariant 
subspace of L'^{uj) with codimension k in which the associated semigroup has an exponential 
decay rate of —k. Section[3]is dedicated to the perturbed Fokker-Planck operator £ -I- 8 in one 
dimension. Using the compactness of the resolvent of £ and ladder operators we show that the 
spectrum of £ is not affected by the addition of 0, i.e. cr(£-f 0) = <j{£) = —No. It still consists 
only of eigenvalues with one-dimensional eigenspaces, which ensures the existence of a unique 
normalized steady state of (jl.ip in L'^iuj). Finally we show that the semigroup generated by 
£ -|- still has the same decay properties as the one generated by £, in particular the solutions 
of (jl.ip with normalized mass decay to the stationary state with exponential rate of at least 
— 1. In Section[S]we present simulation results, which illustrate the decay rates obtained before. 

2. The Fokker-Planck Operator in Weighted L^-Spaces 

Here and in Section[3]we shall consider the one-dimensional Fokker-Planck equation, i.e. d = 
1. For the Fourier transform we use the convention 

J-,^e/ = /(0 := / f{x)e~'-^dx. 
Jm 

With this scaling we may identify /(O) with the mass of /. 

On a domain i7 C R we call a real- valued function w G Ll^^(fl) a weight function if it is 
bounded from below by a positive constant a.e. on every compact subset of R. We denote the 
corresponding weighted L^-space by L^(il; w) = LP{n; w{x) dx), where 1 < p < c». The space 
L'^{il;w) is equipped with the inner product 

{f,9)n,w = / fgwdx, 
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and the norm || • \\n,w 

Also, we introduce weighted Sobolev spaces. For two weight functions wq and wi and 1 < 
P < oo, the space W^''''{^1;wq,wi) consists of all functions / e L'p {il; wq) , whose distributional 
derivative satisfies /' G LP{n;wi). We equip the space W^''^{fl;'WQ,ijUi) with the norm 



see [20] ■ If = M we shall omit the symbol H. in these notations. 

Furthermore, we present some definitions and properties concerning unbounded operators 
and their spectrum. Let X, X be Hilbert spaces. If X is continuously and densely embedded in 
A", we write X ^ X, and X X indicates that the embedding is compact. "^{X) denotes 

the set of all closed operators AinX with dense domain D{A). The set of all bounded operators 
A: X ^ X \s ^{X,X); if X ^ X we just write £§{X). For A e '^(X) and B £ .^(X), we 
define A + B := which is closed with the domain D{A + B) := D{A). A closed, 

linear subspace Y C X is said to be invariant under A G ''^{X) (or A-invariant) iff D{A) D Y 
is dense in Y and rauAjy C Y, see e.g. [l]. For an operator A G '^{X) its range is ranA, its 
null space is ker A, and its algebraic null space is M{A) := (J^^gkerA'^. For any C G C lying 
in the resolvent set p{A), we denote the resolvent by Ra{C) ■= (C ~ A)~^. The complement of 
p{A) is the spectrum (j{A), and (Tp{A) is the point spectrum. For an isolated point A G <y{A) 
the corresponding spectral projection Pa,\ is defined via the line integral 



where F is a closed, sufficiently small Jordan curve around A with counter-clockwise orientation, 
not enclosing or crossing any other point of cr{A). Therefore, Pa,\ is the residue of Ra{0 its 
singularity at ^ = A. The spectral projection is a bounded projection operator, decomposing X 
into two A-invariant subspaces, namely ranP^^A and kerP^i^A, cf. [29l Section V.9]. This prop- 
erty is referred to as the reduction of A by Pa.x- A remarkable property of this decomposition 
is the fact that a{A\^anPA a) = {^} ^^'^ cr(A|korPA a) = '^{^)\{^}: see [HI Section III. 6. 4] and 
Appendix [X] 

It is convenient to define the open half plane Aq := {z G C : Rez > a} for a G M. 
When we introduce, for fixed G Nq, constants (q, . . . Xn-i S C, we use the convention 
{^0, • ■ • : Ca^-i} •= whenever N = 0. For a closed operator A we make the following definitions: 

Definition 2.1 (Localization of the spectrum). Let a G M and Co: ■ • ■ , Cn-i G Aa for A G No 
given. Then we say that A G '^{X) satisfies the 

• weak localization of the spectrum (LI) iff cr[A) D Aq = {Co, . . . , Cjv-i}- 

• strong localization of the spectrum (LI') iff A satisfies (LI), and furthermore the ranges 
of the spectral projections associated to the Cfc are finite-dimensional. 

Remark 2.2. The condition (LI') implies {^o, • ■ • ,Cjv-i} C (Tp{A), see Proposition IA.2I (| iv | . 

Definition 2.3 (Decomposition of A). Let two Hilbert spaces X ^ X and scalars a G K and 
Co, • ■ • , Cn-1 e Aa be given for A^ G No. Then we say that an operator A G 'rf{X) satisfies the 
decomposition property (L2) if there exist B G 3§{X,X) and S G '^{X) with D{A) = D{S), 
such that 





(2.1) 



(i) A = B + S, 

(ii) <j{S)nAa C {Co,...,CiV-l}, 

(iii) there is some A G A^ such that A — A is injective in X. 



We begin our analysis by investigating the unperturbed one-dimensional Fokker-Planck op- 
erator Lf := /" -I- xf -1- / in various weighted spaces. The natural space to consider L in is 
E := L^(l//i) with /i(x) := exp(— x^/2). We use the notation \\ ■ \\e for the norm and (•, ■)e for 
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the inner product. Writing the operator in the form 



shows that L\c^ is symmetric and dissipative in E. Then, the proper definition of L is obtained 
by the closure of i|cj°, and this procedure yields its domain D{L) C E. In the subsequent 
theorem we summarize some important properties of L in E^ see [221 [51 118| . Since L in E 
is isometrically equivalent to the (dimensionless) quantum harmonic oscillator Hamiltonian 
H = —A — 1/2 + 0:^/4 in £^(]R), we transfer many results of H (see [53] and [571 Theorem 
XIII. 67]) to L. For the properties of the spectral projections, see also Proposition lA. 31 

Theorem 2.4. The Fokker-Planck operator L in E has the following properties: 

(i) L with D{L) = {/€£: Lf G E} is self-adjoint and has a compact resolvent. 

(ii) The spectrum is cr(£) = —No, and it consists only of eigenvalues. 

(iii) For each eigenvalue — fc G '^{L) the corresponding eigenspace is one-dimensional, span- 
ned by pik '■= '^^^kl^, where 

Hk{x) = ii{x)~'^—^^{x) 

is the k-th Hermite polynomial. 

(iv) The eigenvectors {iJ,k)k<£No form an orthogonal basis of E. 

(v) There holds the spectral representation 



L^^-kIlL,k, where '^L.k ■= —^tJ'k{-,iJ.k)E 

feeNo 

is the spectral projection onto the k-th eigenspace. 
(vi) The operator L generates a Cq- semigroup of contractions on Ek for all fc G No, where 
Ek '■= ker(ni^o + • • • + ^L.k-i), k > 1, and Eq := E. The semigroup satisfies the 
estimate 

F'\E.\LiE,^<e-'\ VfcGNo. 

Hence, the Fokker-Planck equation dtf — Lf has a unique stationary solution with nor- 
malized mass, given by /iQ. Its orthogonal complement Ei consists of all elements of E with 
zero mass. And according to Result (|vi]) for fc = 1, any solution oi dtf = Lf with unit mass 
converges towards /io with exponential rate of at least — 1 in the E'-norm. 

In order to analyze the perturbed equation (II. ip . it is convenient that the non-local operator 
& is bounded in the considered L^-space. But, as mentioned in Section [1] even a simple shift 
operator is unbounded in E. This motivates to consider some larger space L'^{uj) instead of 
-E, with a weight function ui growing more slowly than such that Q becomes a bounded 
operator in L'^{uj). At the same time, ui should be such that L still has a spectral gap in L'^{uj), 
i.e. there exists some a < such that Aq n cr(L) — {0}. The following theorem is the key 
ingredient to finding an appropriate weight lu: 

Theorem 2.5. Let X ^ X be two Hilbert spaces, and a G R and ^q, . . . , Cn-i € Aa for some 
N CzNq. Consider an operator A G ''^{X) with the following properties in X : 

(i) A satisfies (LI) for the Ck cind a, and dimM(Cfc ~ A) < oo for all < k < N — 1. 

(ii) The space X^ '■= [M{(Iq — A) © • • • © AL{C,n-i — A)]^ invariant under A. 

(iii) A — a is dissipative in Xpf. 

(iv) ran(A — 6)|xjv = for some b > a. 
Furthermore, assume in X : 

(v) There exist B G £i§{X,X) and an operator S G "^{X) with the property that S ~ a is 
dissipative, and there holds the decomposition A d B + S . 

Then we have: 



5 



1. A satisfies (LI') for the constants a and(^k, and Xn = ker(nyi^o + ' ' ■ + ^A,N-i), where 
IlA,k denotes the spectral projection of A corresponding to C^. 

2. A generates a Co-semigroup on X and Xjy satisfying ||e*"^|xjv ll^(Xjv) ^ 

3. A is closable in X, its closure A := clx A also satisfies (LI') for a and the C^. The 
corresponding algebraic eigenspaces M{(^k — A) coincide with the M{(^k — A) G X . 

4. For < k < N ^ 1, the spectral projection TlA,k of A corresponding to Ck G equals 
the closure ofIlA,k- In particular, rann_4jr. = ranllyi^fc — M{C,k — A), and 

ker n^,fe = A-jv ® ( M{Q - A) 
where AV := c\x Xf^ . 

5. A generates a Co-semigroup on X and X^ , and for any a > a there exists some Ca > 1 
such that 

||e*^U„|U(;t„) <Cae'^*, Vi > 0. 

This result is based upon [121 Corollary 4.2]. Also, in [3 a simpler version of that theory 
was applied to the Wigner-Fokker-Planck operator. The proof of the above theorem requires 
several quite technical steps, so it is deferred to Appendix El 

Next we apply this theorem to the Fokker-Planck operator L. Our aim is to find a weight 
function u! such that the closure £ of L in L'^{uj) still satisfies a{£) — cr{L) and that the 
semigroup (e*''')t>o still fulfills the same decay rates on the subspaces X^ as (e*^)f>o on Xk- 
In order to do so we are looking for operators B,S, such that the requirements of Theorem l2.5l 
are fulfilled for any a e R. The following lemma yields the appropriate condition on the weight 
function. 

Lemma 2.6. For any a < there exists a weight function U!{x) £ C^(R) that satisfies the 
conditions 

3R>Q: V|x| > R : uj"{x) - xuj'{x) + (1 - 2a)uj{x) < 0, , . 

3^2 > (5i > : Vx e M : Si < u{x) < 62/ K^). ^ ' 

With a weight uj(x) which satisfies this condition for some fixed a < 0, the Fokker-Planck 
operator L is closable in £ :— L'^iuj), and its closure C has the following properties (where 
N := — [aj G N, the floor function of a): 

(i) The spectrum satisfies a{L) n Aa = {0,— 1,...,— and M(L + k) = ker(£ + k) = 
spanj^fc} for < k < N — 1. 

(ii) For any < k < N the closed subspace £k '■— elf span{/ifc, /ife+i, . . .} is an C-invariant 
subspace of £ , and span{/io, . . . , ^k-i\ is a complement. 

(iii) The spectral projection Tic,k corresponding to the eigenvalue —k G — Nq H fulfills 
rann£^fe = span{^fc} and kern£_fc = £k+i ® span{/^fc_i, . . . ,yLto}. 

(iv) For any < k < N — 1, the operator C generates a Co-semigroup on £k, and there 
exists a constant Cfc > 1 such that we have the estimate 

||e*^k|L^(^^) <Cfce-'=*, yt>0. 

Proof. First we note that for any a < the function uj{x) = 1 + x^^^L^J+i) ig a weight function 
that fulfills the condition (1^ . 

The proof of the main results (p])- (pvl) is achieved by application of Theorem 12.51 for X ~ E, 
X = £, A — L and Cfc — ^k. Due to the results of Theorem 12.41 the assumptions (IH- lpv]) of 
Theorem 1^31 are obviously fulfilled. It still remains to show the requirement (jvj). In order to find 
an appropriate decomposition L C B + S we begin by evaluating Re(L/, f)ui for / G C^(R): 

Re(i/,/)„ =Re^ ^)j fc^dx 

= -Re I {xf + f'){fu:' + uf')dx 
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Now we want to find B G E) such that S\cg° — a = L\cg° — B — a is dissipative in £ for 
some fixed a < 0. According to the previous calculation this is the case iff there holds for all 
/GCo-(R): 

Re{LfJ)^^- f uj\f'\^dx+l f {u" - xuj' + Lo)\f\^ dx < a f \f\^udx + Re [ {Bf)fujdx. 
Jr ^ Jm Jr Jr 

(2.3) 

Let now w £ C^(M) be a weight function satisfying p.2p for a and some R > sufficiently large. 
It remains to find an appropriate bounded operator B. For functions / with supp/ C M\[— i? — 
l,i?+ 1] we allow B to be zero, since (|2.3p is already fulfilled due to (|2.2p . Hence, we choose B 
as the multiplication Bf := (S2f?i?/, where rm G C^{R) with > 0, suppr/fl C [—R — 1,R + 1] 
and riR{x) = 1, V|2:| < R. Due to the cutoff there holds B £ ^{£,E). In order to choose the 
constant S2 > we observe that due to the assumption oj E C^(M) there exists some M e M 
such that 

sup -{uj" — XLo' + (1 — 2a)uj) AI^^ < 00. 
xGR 2 

Since also uj > 61, we may choose S2 ■= max{0, M^/6i}, and (j2.3p holds for all / G C§° . With 
this choice for B the operator S\c^ — a is dissipative, thus closable in £. So L|c~ = B + S\cg° 
is closable as well, and we define S := elf S\cg° and £ := de L\cg= = B + S D L. In particular, 
we have determined B, S such that condition (jvj) of Theorem 12.51 is fulfilled, so that we may 
now apply this theorem to L: 

The property (P follows directly from Result[3]of Theorem l2.5l and the spectral properties of L 
in E given in Theorem 12 .41 (p!])- (Iml) . Next we prove the Results (jn]) and dm)) simultaneously. For 
this we apply Theorem l2.5[ Result SI where Xn corresponds to En = cl^ spanj/i^v, /^w+i, • ■ •}, 
see Theorem l2.4l We obtain that for < /c < iV— 1 the null space of the spectral projection II^ jt 
is given by £n ® span{/ij : < j < iV — 1, j 7^ fc}, where £n ■= cl^ E'at. Then we define £k ■= 
£n ffi {^J'N-l, ■ • ■ , ^J'k} = clf span{/.tfc, /ifc+i, . . .} for all < fc < A^, which is £-invariant because 
£n is. Using the £k, the null space ofIlc,k can be rewritten as kerllc^k — £k+l(9{^J'k-l, ■ ■ ■ , ^J■o}, 
ioi < k < N — 1, which yields the desired result for the spectral projection. 

Finally, Result (pv)) follows from Theorem 12.51 Result [5] First, we obtain that for any 
d e (a, + 1] there exists a constant Ca> I such that we have 

F^UU,^^<C,e'\ W>0. (2.4) 

If we consider the semigroup on £k — £N(S{^J'N-l, • ■ • , /^fc} instead, we notice that C generates a 
Co-semigroup with decay rate —k on the finite dimensional, >C-invariant space {/xjv-i, . ■ . 
for all < /c < iV — 1. Combining this fact with the estimate (|2.4p on £n completes the 
proof. □ 

Remark 2.7. For a < given, the polynomial weig ht function uj{x) = 1 + a;2(-H+i) fulfills 
(j2.2p . thus the conclusions of Lemma [2.61 apply to the Fokker-Planck operator C in L'^{uj) for 
iV = — [aj . Therefore, the spectrum of C in the half plane is given by {0,— 1,...,— iV + l}. 
These results are complemented in [131 Appendix A], where an exhaustive analysis of the 
spectral properties of C in polynomially weighted spaces is given, and the complete spectrum 
is determined. For the one-dimensional case see also [12 . 

In the following we turn our attention to C in exponentially weighted spaces. In this case 
we are able to completely characterize the spectrum, and deduce the following result: 

Theorem 2.8. Let ll!{x) := exp{f3\x\'') for some 7 e (0, 2] and (3 > 0. Ifj — 2, we additionally 
require (3 < Then the closure C — cl^ L has the following properties in £ — L'^{uj): 

(i) The spectrum satisfies <j{L) = —No, and M(C + k) = ker(£ + fc) = span{/ife} for any 

(k) 

k gNq. The eigenfunctions satisfy the relation = Mo ' k-th derivative of ^q. 
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(ii) For any fc G Nq the closed subspace £k '■= clf: span{//fc, /z^+i, . . .} is an C-invariant 
suhspace of £ , and span{/xo, . . . , /ifc-i} is a complement. In particular Sq — £. 

(iii) The spectral projection Tic,k to the eigenvalue —k G — Nq fulfills ranll^^fc ~ span{/Xfc} 
and kern£,fe = £k+i © span{/ifc_i, . . . ,^o}- 

(iv) For any fc G the operator L generates a Co-semigroup on £k, and there exists a 
constant Cfc > 1 such that we have the estimate 

Proof. This is a direct application of Lemma 12.61 A short calculation shows that a; (a;) — 
exp{f3\x\'^) fulfills (|2.2p for any a < 0, if the assumptions on (3 and 7 hold. So we may take N 
arbitrarily large in Lemma 12.61 □ 

Remark 2.9. The admissible weight functions from Theorem l2.8l coincide with those considered 
in Proposition 5.4 (i) of [T^ (for the special case of a quadratic confinement potential). In 
comparison to Theorem 5.5 of [IJ], Theorem 12.81 even shows the independence of cr(£) for a 
certain class of weight functions. 

Remark 2.10. For 7 = in Theorem 12.81 fi.e. £ = L^(M)) the situation changes completely. 
From Theorem 4.4 in [35] we know: In i^(M) there holds it(£) — {z £ C : Ke z < i} and every 
2; G C with Re z < i is an eigenvalue. 

Next we characterize the subspaces £k. For this purpose we need the following technical 
lemma: 

Lemma 2.11. Let X ^ X be Hilbert spaces, and i/jq, . . . ,i!k-i G ^(A'jC), fc G N, be linearly 
independent functionals. Then ipj :— V-'j|x G ^{X,C) for all < j < k — I, and 

fe-1 fe-1 

Pi kerV'j = dx f] ker'ipj. 

j=o j=o 

Proof. The boundedness of the ipj is an immediate consequence of X ^ X. In order to show 
the second statement, we notice that according to the Riesz representation theorem there exists 
a unique Xj G X such that V'j(') = {■,Xj)x for every < j < A: — 1, where {•,-)x denotes the 
inner product in X . The set {a;o, . . . , Xk-i} is linearly independent, because the corresponding 
functionals are. We now apply the Gram-Schmidt process to {xq, ■ ■ . ,Xk-i} to obtain the 
orthonormal family {xq, . . . , Xk-i} with same linear hull. As a consequence, there exists a 
regular matrix A := (A^)^^ G C*^^*^ such that X£ = J2^Zo ^gXj. With this we get 

fe-1 fc-1 
xi{-,xi)x^ ^ \\\\x^{-,Xj)x = ^ \\\\x^-4)j(-), {)<l<k-l. 

We may now define the orthogonal projection 

fe-1 fe-1 
Px :=5I^^(-'^^>^ - J2 K^x^^Ji■)■ (2-5) 

i=0 ij,t=0 

It can naturally be extended to a projection Px in X by replacing the ipj by ipj. Since ipj G 
^{X, C) for all < j < A: - 1, there follows Px G .^(X) from Now we apply Lemma 1X6] 

to Px C Px to obtain ker Px = c\x ker Px . 

Now it remains to characterize the kernels of the projections. Due to (|2.5|) we have Px/ = 
in X iff 

fe-1 fe-1 

E^^(/)E^^^HO- 0<i<k-l, (2.6) 
j=o e=o 

since the vectors Xi are linearly independent. We note that the sums X^fco ^e^i < i, j < 
k — 1 are the elements of the matrix A2 := AA*, where A* is the Hermitian conjugate of A. 
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Since A2 is regular, it follows that (I2.6P holds iff tpj{f) ~ for all < j < fc — 1. The proof of 
P;i,/ = iff ■0j (/) = for aU < j < fc - 1 is analogous. □ 

Proposition 2.12. Under the assumptions of Theorem \2.8\ and for any fc e N, the subspace 
£k is explicitly given by 



£k = ^fe£: f{x)x' dx = 0, < J < fc - 1 j . (2.7) 
Furthermore, there holds 

ffe = {/ e £ : = 0, < j < fc - 1} , (2.8) 

where J^-'-' denotes the j-th derivative of the Fourier transform of f . 

Proof. The functionals ijjj : f ^ Jj^ f{x)x^ dx, j £ No, are continuous in E. We define ijjj := 
V'jlB. Let / S Ek — {/ioi . • . i/^fc-i}^^. The orthogonality condition then reads 

= (/,M,)£= / f{x)ti,(x)ti{xrUx^-^ I fix)H,{x)dx, V0<j<fc-1, 

which is equivalent to i/jo(/) = ... = V'fc-i(/) = 0. Applying Lemma [2.111 with A" = £ and 
X = E yields cl^ Ek = {f E £ i'jif) = 0, < < fc — 1}, which is equal to £k by definition. 
This proves (^7)) . 

The second equality (|2.8p immediately follows from 

f{x)x^ Ax = T,^^[f{x)x^m = iV'(^)(0), Vj e No. 

□ 

Remark 2.13. The representation (|2.7p of the ffe also holds in polynomially weighted spaces, 
which is shown in |13l Appendix A]. 

As stated in the introduction, our goal is to choose a weight function uj such that C still has 
a spectral gap and a "large class" of perturbation operators 8 is bounded in L'^{uj). E.g., one 
can easily verify that Qf{x) := f{x + a) — f{x — a) is bounded in L^(exp(/3|a;|'')) iff 7 € [0, 1] 
(for /3 > 0). It is thus convenient to make the choice 7 = 1. So, from now on, we shall fix the 
weight aj(x) :— cosh/3x, for some /3 > 0. The corresponding space is £ = i^(a;), and we adopt 
the rest of the notation from Theorem l2.8l 

With this weight function, the elements of £ have a Fourier transform that extends analyti- 
cally to a strip around the real axis: 

Lemma 2.14. For f E £ we have the following properties: 

(i) There holds f £ £ iff its Fourier transform f possesses an analytic continuation ( still 
denoted by f) to the open strip Q,p/2 := {z £ C : \ lmz\ < /3/2}, which satisfies 

sup ||/(- +ib)\\L2 < 00. 

|fc|</3/2 
bGR 

(ii) For ^ e M and \b\ < /3/2, / is explicitly given by /(^ + ib) = Fx^^ie^"^ f{x)). 

(iii) The following function lies in L^(M).- 

e ^ /(C ± i^) Tx^^{e^--^f{x)), for a.e. ^ G R. (2.9) 

Thenb^ f{- +ib) lies in C([-;3/2, /3/2]; ^^(R)) 

Proof. According to Theorem IX. 13], / is analytic in ^nd due to part (b) of the proof 

of this theorem. Result ([n]) follows. Next we show (pli|) . For f E £ there holds f{x)e^^^ G L^(M), 
an therefore /(^ ± i/3/2) as defined in (12. 9p is again an element of L^(M). Since the map 
& I— ||/(x)e''^||i2™) is continuous on [— /3/2, /3/2], Result ((ni)) follows from Plancherel's formula 



9 



together with Resuh (jn]) and (j2.9p . Finahy, Q fohows from Theorem IX. 13] together with 
dm]). □ 

In the following, / always denotes the extension of the Fourier transform of / G £ according 
to Lemma l2.14l (pHl -din ]) . Using this convention, we introduce an alternative norm on the space 
£: 

mil ll/(- + W2)|li. + ||/(- - i/3/2)||i., (2.10) 

which is equal to 47r||/||^. 

Finally we notice that there holds a Poincare-type inequality in £: 

Lemma 2.15 (Poincare inequality). The inequality 

\\fL<Cfi\\f'L (2.11) 

holds for all f € W^''^{uj,uj), where > is a constant only depending on j3. 

Proof. Use |f (^)| = |C/(C)|, and \i\ > /3/2 on | Im^] = /3/2. Then apply the norm ||| • |||^. □ 

Next we prove the compactness of the resolvent Rc{C)- To this end we shall use the following 
simplified version of [24j Theorem 2.4]: 

Lemma 2.16. Let w,Wo,wi be weight functions, and (J7„)„gN a monotonically increasing 
sequence of subsets o/R that converges to R. Assume that for all n Cz N there holds the compact 
embedding W^''^{rtn','Wo,wi) L^(f2„;u'). Then 

W^-'^iwo,wi) L^{w) ^ lim sup ||/||r\o„:^„ = 0. 

n— voo II j-ii ^1 

1/ II mo-"'l — 

From this we deduce immediately the following lemma: 

Lemma 2.17. Letw,wo,wi be weight functions. If \im\j.\^ao 'w{x) /wo{x) = 0, then the compact 
embedding holds: 

W^'^{wQ,wi) L^{w). 

This compact embedding allows to prove that RciC) is compact: 

Theorem 2.18. For any ^ e p{^) the resolvent operator RciC) '■ £ ^ £ is compact. 

Proof. Let us fix C G p{)^) with Re^ > 1 + /3^/2. Now we consider the resolvent equation 
{( - £)f = g for f,g e £. Applying (•,/)„ to both sides yields: 

fgujdx^ f Clfl^uj-if + xfyfojdx 

\f\^u + \f\\xu' + (u) + f'Juj' + ff'xujdx. 

Jm 

Next we take the real part: 

Rejjgwdx ^ jjf'\^u: + \fWxJ + Re(C)c^) + \\f^U^' + 

= / \f'?u^ + \\f\'wdx, (2.12) 

with m := —uj" + xuj' + (2ReC — l)w. For our choice w(x) = cosh^a; we obtain w{x) — 
(2ReC — 1 — (5'^)uj{x) + x/3sinh/3a;. For ReC > 1 + /3^/2, w is strictly positive. Thus, -cc? is a 
weight function, and it has the asymptotic behaviour w{x) ~ /3|a:|uj(a;) as x — > ±oo. Applying 
the Cauchy-Schwarz inequality to the left hand side of (|2.12p yields 

^11/11^ + II/'II^<II/IUII.9L- 

For the left hand side we use ljj{x) < -cuix) and the Poincare inequality (j2.1ip to obtain 

^ll/IU + ^ll/'IU<ll5L. 
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Hence Rc{C) G ,W^''^{w,uj)). Now we have the asymptotic behaviour uj{x)/zu{x) ^ 
l/{/3\x\) — as x — ±00. Therefore we may apply Lemma 12.171 for w = wi = uj and wq — w, 
which yields the compact embedding W^'^{w,uj) £. Thus, the resolvent Rc{C) G 

is compact for Re^ > 1 + /3^/2. But this already implies the compactness of RciC) for all 
C e p{C), cf. [H Theorem III.6.29]. □ 

3. Analysis of the Perturbed Operator 

So far we have discussed the one-dimensional Fokker-Planck operator £ in £ = L'^{uj), with 
uj{x) = cosh /3x. In this section we investigate the properties of the perturbed (one-dimensional) 
operator C+& in £, and we shall summarize the results in Theorem l3.17l We begin by specifying 
the assumptions we make on the perturbation O. 

(C) Conditions on 0: We assume that 8/ = for / G £, where is a tempered 

distribution that fulfills the following properties in for some /3 > 0: 

(i) The Fourier transform can be extended to an analytic function in (also denoted 
by and e (17^/2). 

(ii) It holds i>{0) — 0, i.e. ■& has zero mass. 

(iii) The mapping ^ 1— >■ Re ?9(^s)/sds is essentially bounded in ri^/2- 

Remark 3.1. If the conditions (C)(i)-(ii) hold for t9, then the mapping ^ 1— ??(^s)/sds is 
analytic in This becomes clear when writing ?9(^s)/s — C''?(^s)/(^s), which is analytic 

for all s e (0,1] and can be continuously extended to 'd'iO)^ for s — 0. The analyticity of 
£, Jq •d{^s)/sds on ilfj/2 then follows from 10, Theorem 4.9.1]. 

Lemma 3.2. There holds 8/ G £ for all f E £ iff the condition (C)(i) holds. 

Proof. According to Lemma [2 . 141 there holds 8/ G £ iff 

sup ||(i9/)(-+ifo)||L^(R) <oo, (3.1) 

|6|</3/2 



where we use 8/ — -df . Now we apply Holder's inequality and find that (j3.ll) holds for all 
/ e £ iff z9 satisfies (C)(i). ' □ 

As a consequence of the above lemma we may define (??/)(• ± i/?/2) G L^(M) for f E £ 
according to (|2.9p whenever satisfies (C)(i). Thereby, the functions ??(• ± i/3/2) obtained by 
this procedure are the unique elements of L°°(R) with the property 

^lim^ m- ± 16) - d{- ± i/?/2)|Uoo(R) 0. (3.2) 

In the following, we define '&{■ ± i/3/2) according to (|3.2I) for every d which satisfies (C)(i). 

Corollary 3.3. The convolution 8 is bounded in £ iff the condition (C)(i) holds. 

Proof. We apply the norm (|2.10p to 8/. The Fourier transform turns the convolution into a 
multiplication, so we get 

\\\Qf\\\l= I |/(e-i/3/2)n^(e-i/3/2)pde+ / |/(e + i/5/2)n^(e + i/3/2)pdC. 

The result follows by using the estimate |i?(^ ± i/3/2)| < ||i?(- ± i/3/2)||Loc < 00 for $ G E, 
cf. □ 

Lemma 3.4. Under the assumption (C) there holds 8 : f — > £k+i C £k for every /c G N. 

Proof. According to Proposition l2.121 / G f/c iff ^ = is a zero of /(^) of order greater or equal 
to k. Because of the assumption i9(0) ~ the Fourier transform 8/ = df has a zero at least of 
order fc -|- 1 for / G so 8/ G £k+i- D 
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Corollary 3.5. Let (C) hold, and fc G Nq. Then the space £k is a (C + Q)-invariant subspace 
of£. 

Since the conditions (C) are not very handy for direct applications, the following lemma 
gives some criteria that are simpler to verify and sufficient for (C). 

Lemma 3.6. Let /? > and ll!{x) — cosh/3x, and assume that € S'" fulfills 

(i) ^(0) =0, 

(ii) -d = {)w + with & W^'^{uj^ ,uj^) and do & L) := {^^^iCijSxj ■ aj G C, xj e 
M, n G N}, where Sxj denotes the delta distribution located at xj. 

Then Qf = d*f satisfies (C) for this /? > 0. 

Proof. In general i?w(0) and i?_d(0) are not zero, so it is convenient to define := dw — 
and -d^j do + M^j,, where M :— Sd{0)/V2tt. Then S'^ and have zero mass, and we stih 
have i)'^ £ W^''^{uj2 ^uj^ ). Since Fx^^Sx = e"'^^^ and /i(^) = A/27r/i(^), it is immediate that 
satisfies (C)(i) and (C)(iii). 
Now we verify the same properties for Since 'd'^ G L^{ijj^), we may extend d'^ to 

an analytic function in r2^/2, and there holds (12.91) . cf. [HI Proposition XVI. 1.3]. The Fourier 
transform is a continuous map from L^(R) to i?o(K), i.e. the continuous functions decaying at 
infinity, equipped with the uniform norm. Therefore, •d'^ £ L^ito'^) implies 

\Ww\\L-^(nf,,^) = sup sup|i9V(C + < sup \\d*w{x)e^'-'\\LHm.) < ||i9;,/(a;)e^l^l|lii(R) < c3o, 

|6|<4«6» |b|<| 

So (C)(i) is satisfied. For (C)(iii) it is sufficient to show that for some c > and all £, £ 
with 1^1 > 1 there holds \^*wiO\ < c/|C|, which is fulfilled if G L°°(17^/2). Analogously 

to the previous part of the proof we obtain that this is satisfied if t?^' G L^{uj^). We conclude 
that -d*^ fulfills (C)(i) and (C)(iii) if ^y^, G W^^^{uji ,uji). 

Finally, i9 satisfies the condition (C)(ii) due to the assumption (P. □ 

For the rest of the article, we shall always assume that Q satisfies the condition (C) for some 
fixed /3 > , and we choose the weight function uj{x) = cosh /3a; with this particular f3. The 
first result about the perturbed Fokker-Planck operator is the following lemma: 

Lemma 3.7. The operator C + has compact resolvent in E . 

Proof. A bounded perturbation of an infinitesimal generator with compact resolvent has com- 
pact resolvent again, see [111 Proposition III. 1.1 2]. Then the result follows by combining the 
results of Theorems and [121 for C, and Corollary [33] for 6. □ 

As a consequence, the spectrum of £ -I- in f is non-empty and consists only of eigenvalues. 
In order to characterize the entire spectrum, we introduce the following ladder operator^, 
namely the annihilation operator 

a- : £i ^ £ : f f f{y) dy, 

J —oo 

and its formal inverse a+ : f i-^ f , the creation operator. 

Lemma 3.8. The annihilation operator a~ has the following properties: 

(i) For any fc G N there holds a~ G ^{£k,£k-i)- 

(ii) In £i the operators Q and commute. 

(iii) Let f £ £i, C £ C such that (£ + 6)/ = (/• Then 

(/: + e)(a-/) = (c + i)(a-/). 



One of the best-known applications of ladder operators occurs in the spectral analysis of the quantum 
harmonic oscillator, see e.g. ,17) . 
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Proof. First we show The property a" : £k —?' £k-i can be verified by using the exphcit 
representation (j2.7p of the £k, and integration by parts (first for / G C^(M)). The boundedness 
of foUows immediately from the Poincare inequahty (j2.1ip . Property (jn]) holds true since Q 
is a convolution. For Result (pli|) one applies a~ to the equation (£ + 8)/ = (f, and uses the 
identity a~{Cf) = C{a~ f) — f and the property ([n|). □ 

By using the annihilation operator, we are able to prove: 

Proposition 3.9. We have the following spectral properties of C + & in £: 

(i) f7(£ + e) = -No. 

(ii) For each /c G No, the eigenspace ker(£ + O + k) is one-dimensional. 

(iii) Under appropriate scaling, the eigenfunction fk to the eigenvalue — A: G No is explicitly 
given by 

fk = {a+)'fo = ft\ and /o(^) = exp ( - ^ + ^ ds) , ^ G (3.3) 

In particular, fo is the unique stationary solution with unit mass of the perturbed Fokker-Planck 
equation U.l\) in one dimension. 

Proof. In order to show ^ we first prove that p|j,gj^£fe — {0}. According to (j2.8p there holds 

f|ffc = {/Gf :/W(0) = 0, fcGNo}. 

But for / G £, / is analytic, and the only analytic function with a zero of infinite order is the 
zero function, which proves the statement. 

Thus, for any eigenfunction /, there exists a unique fc G Nq such that / G £k\£k+i, which is 
the minimal fc G Nq with the property ^c,kf 7^ 0. Applying this projection to the eigenvalue 
equation yields 

TicA^ + e)/ = -kiVcMf = cn£,fc/, 

where we used 8/ G £k+i (cf. Lemma [3. 4p . Hence, the eigenvalue corresponding to / satisfies 
C, = —k. Thus cr(>C + 8) C — Nq. If now fk is an eigenfunction with eigenvalue — fc, we can 
apply k times the continuous operator to /fc, and create eigenfunctions to all eigenvalues 
{—k + 1, . . . , 0}. So either cr(£ + 8) = —No or cr(£ + 8) = {— fco, . . . , 0}, i.e. there exists some 
minimal eigenvalue — feg. But the latter scenario is actually not possible, because then the 
operator (£ + 8)1^:^^^^ would have empty spectrum in £k^^+i, which contradicts the fact that it 
still has a compact resolvent in ffco+i- 

In order to verify (jn]) we recall from the first part of the proof that if / is an eigenfunction of 
£ + 8 to the eigenvalue — fc, then k = argminjll^j/ 7^ : j G No}. Assume that dimker(£ + 
8 + fc) > 1 for some fc G Nq. Since dimrann£^fc = 1, we could construct an eigenfunction / to 
the eigenvalue —k such that Ii-c,kf = 0, i.e. the eigenvalue of / would be strictly less than — fc, 
which is a contradiction. 

For the third result dm)) we consider the Fourier transform of the eigenvalue equation (£ + 
0)/fe = ~kfk for k G Nq. This yields the following differential equation for fk'. 

d'k{o^{m+k~e)fkio- 

Its general solution reads 

fkiO^CkeqiO, with g(^):=exp(-^ + ^'^ds), 

for all fc G No, with Ck G C. We may now fix Ck i*^, which completes the proof. □ 

Lemma 3.10. The spectral projection Vk of C + corresponding to the eigenvalue —k G — Nq 
fulfills 

Ya,nVk = span{/A;}, kerVk ^ £k+i © span{/fe_i, . . . , /o}. 
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with the eigenfunctions /fc,...,/o given in i3.3\) . Therefore, all singularities of the resolvent 
are of order one, and for all fc € Nq there holds M{C + 6 + fc) = ker(>C + + fc). 



Proof. The set K.k '■= £k+i ffl span{/fc_i, . . . ,/o} is invariant under C + Q, cf. Corollary | 
Therefore the algebraic eigenspace satisfies M{C + Q + k) = kcr(£ + Q + k) = span{/fe}. 
In particular we obtain the (£ + 0)-invariant decomposition £ = JCk ® M{C + O + k), and 
(t((£ + 0)|jCfc) — ~No\{—k}. So we can apply Lemma EH from the appendix, which yields the 
properties of the spectral projections. 

Since dim Vt = 1 and M(£ + 6 + fc) = ker(£ + 6 + fc) , the singularity of Rc+e (C) at C = -fc 
is a pole of order one, see Proposition IA.2I (pv)) -frvj). □ 

Having explicitly determined the spectrum of the perturbed Fokker-Planck operator, we now 
turn to the generated semigroup and the corresponding decay rates. We start with the fact 
that £ + generates a Co-semigroup: 

Proposition 3.11. For each fc S Nq the operator (C + Q)\£^ is the infinitesimal generator of 
a Co-semigroup on £k- The semigroup on £ preserves mass, i.e. 

f{x)dx^ f [e^'-^+^^f]{x)dx, yt>0. 



Proof. According to Theorem 12.81 the operator C generates a Co-semigroup on £k for every 
fc € No, and due to Lemma EH] and CoroUarv 13.31 we have Q\£^ € ^{£k). Now a bounded 
perturbation of the infinitesimal generator of a Co-semigroup is again infinitesimal generator, 
see [TTl Theorem IIL1.3], and so the first result follows. 

To show the conservation of mass we use the reduction of {e*^^'^^'')t>o by Vo given by 
£ — £i S) span{/o}. The space £i consists of all massless functions, so the part Vof alone 
determines the mass of any f € £. Since £i and span{/o} are both invariant under the 
semigroup, Vq and {e*^'-'~^^^)t>Q commute, i.e. T'oe'^^+^V = e*(^+®)po/ for all / e £, t > 0. 
Furthermore we have Vof G ker(£ 4- Q), and so e^'^^^'^^'Vof = Vof for all t > 0. Altogether we 
obtain V^e^^''^^^ f ~ Vof for all / e £, i > 0, i.e. the semigroup preserves mass. □ 

Next we investigate the decay rate of (e*'^'^+®^)t>o on the subspaces £k. To this end we 
define: 

which is analytic in f2^/2 according to Remark 13. II 

Lemma 3.12. The map : f t-^ f * ip has the properties: 

(i) For each k G Nq, ^ : £k ^ £k is a bijection, with inverse '^^^ '■ f ^ f * ^^^[^/''P]- 

(ii) e ■S§[£). 

Proof. We define ^ : f ^ f * Due to the condition (C)(iii) there holds ^f £ £ 

for all / € which is shown analogously to Lemma IX^ Let now f G £k for some fc e Nq. Then 
/(^) has a zero of order greater or equal to fc at ^ = 0, cf. Proposition l2.12l Since and l/tp 
are analytic in the zero at ^ = of iFx^{^ f = /(C)V'(C) and oi J^x^i^ f = fiO/^iO is 

of the same order as of /. So ^, : £fc — > £k for all fc G No- 

By applying the Fourier transform, we see that o ^/ = o vj/ J = / for all / G £, 
i.e. * = and : £k ^ £k are bijections for aU fc € No- 

Finally, as in Corollarv l3.3l one proves the boundedness of ^ and 4*^^ by using the assumption 
(C)(iii). □ 

The map ^' plays a crucial role in the analysis of the perturbed Fokker-Planck operator 
£ + 8, because it relates the eigenspaces of C with the eigenspaces of £ -|- 0: According to 
Proposition 13.91 we have: 

fk = k G No. (3.4) 

By using this property of 5* we obtain the following result: 
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Proposition 3.13. Let k £ Nq and C, G C\{ — fc, — fc — 1, . . .}. Then there holds 

i?£+e(C)k -*°^£(C)°*-'k- (3-5) 
In particular there exists a constant Ck > such that 

\\{Rc+e{0\sS\\.n£k)^ (^necUr ' i^«C>-fc,"eN. (3.6) 

Proof. We fix A: e Nq. Then for all j >k and C e C\{-fc, -fc - 1, . . .} there holds due to 

RciOt^j " = * ' ° ^£+e(C)/, - ° Rc+eiC) ° ^t^r 

So we have RciO — ° ^£+e(C) ° * in the space spanj^j '■ j > k} C Ek, which is dense in 
£k- Then this identity extends to £k due to the continuity of the occurring operators. 
In order to prove the resolvent estimate p.6p we use 

{Rc+eiOlsS = Rc+eiCr\£k = * ° RciCT ° 
which follows from (13. 5p and Lemma [3. 121 (pi). Because of 4', ^E*"^ G ^{£k) we conclude 

WiRc+eiOleSWrne.) ^ II (^HC)|£j"|U(,,)ll*-^li.^(£.). (3.7) 

Due to the semigroup estimate in Theorem 12.81 (liv| there holds 

according to the Hille-Yosida theorem. Inserting this estimate in (13. 7p shows p.6[) . □ 
Corollary 3.14. Let k gNq. Then there exists a constant Ck > such that 

lh*'^''''^k||,^(£,)-^^*'~'*' (2-^) 

Proof. The result immediately follows from p.6p by application of the Hille-Yosida theorem. □ 

Remark 3.15. The above result implies the exponential convergence of any solution of p.ip 
towards the (appropriately scaled) stationary state: Choose any f G £. Then there exists a 
unique constant m G C (the "mass" of /) such that Vof = mfo. So / — m/o = (1 — "Po)/ & £i, 
cf. Lemma [XTUl which implies e*(^+®)/ - m/o = e*(^+®H/ - "i/o) G £i for all t > 0, due to 
Proposition lS.llI With p. 81) and fc = 1 this implies 

||e*(£+e)j _ ^f^y <C,\\f- mfo\\£C~\ t > 0. 

Remark 3.16. In the one dimensional case we can explicitly compute the Fourier transform 
of Rc+eiOg: see Proposition lB.il For any fc e No, ReC > — fc, and g G £k, the unique solution 
f G £k {Q — C — 9)/ = g satisfies 

/(e) - T^^^Rc+eiOg] = foiO C ffh'^^' ds, ^ G 

JO fo{sO 

where s'^ — e'»'°^'* and log is the natural logarithm on R+. One can use this representation 
for an alternative proof of the resolvent estimate p.6p . However, this becomes less convenient 
in higher dimensions, since it is then not clear how to properly compute the explicit Fourier 
transform of _R£_|_e(C)- 

Now we summarize our results in the final theorem: 

Theorem 3.17. Let £ = L'^{uj), where uj{x) = cosh, fix, for some /3 > 0, and let <d fulfill the 
condition (C) for this j3 > 0. Then the perturbed operator C + Q has the following properties 
in £ : 

(i) It has compact resolvent, and a{C + 0) = (Jp{C + 0) = — Nq. 

(ii) There holds AI{C + + fc) — ker(>C + + fc) = span{/fc}, where fk is the eigenfunction 
to the eigenvalue — fc given by US. The eigenfunctions are related by fk — fo'^- 
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(iii) The spectral projection Vk corresponding to —k e a{C + O) fulfills 

iSLJiVk = span{/fe}, kerVk = £k+i © span{/fc_i, . . . , /o}, 

where the [C + Q)-invariant spaces £k are explicitly given in {2. Tp . 

(iv) For every k <e'Hq, the operator [C + &)\Ek generates a Co-semigroup (e*''''^®'' |£j.)t>o in 
£k, which satisfies the estimate 

where the constant Ck > is independent oft. 

Remark 3.18. Apparently, the particular choice of /3 > has no influence on the above 
results, except possibly for the constants Ck- In practice, the constant f3 may therefore be 
chosen arbitrarily small, such that Q satisfies (C) for this /3. 

Remark 3.19. The sequence of eigenfunctions {iik)k£tio orthogonal basis of E. In the 

larger space £, the linear hull span{/ifc : fc e Nq} is still dense, due to the continuous embedding 
E ^ £. Also, each f & £ can (formally) uniquely be decomposed according to the sequence 
(n£^fc)A:gNoj see the proof of the Proposition [XH But in some cases, the obtained series is diver- 
gent in £. As an example we consider f{x) cxp(— |a;|) £ L^(coshx). Since / is symmetric, 
we have Hc.kf = if fc is odd. For k = 2n, n e No, we can show the asymptotic behaviour for 
n — > oo: 

l|n„,./k.o(vp). 

where we use the explicit representation for the Hermite polynomials H2n from (5.5.4) in |28| . 
and the asymptotic expansions for given in [55J Theorem 8.22.9]. Therefore, the formal 
series X^kgNo ^c,2nf is divergent in £. So the sequence (/Ltfe)fcgNo is neither a Schauder basis nor 
a representation system of £. However, the sequence (A<fe/||/^fe||_E)fceNo is still a Bessel system, 
see [71 [5] for the definitions. 

4. The Higher-Dimensional Case 

As already mentioned in the introduction, the preceding results can be generalized to higher 
dimensions without much additional effort. Most proofs are analogous to the ones in the one- 
dimensional case. Therefore we give here only an outline of the steps leading to the extension 
of Theorem 13. 171 to higher dimensions. 

In this section we consider the perturbed Fokker-Planck equation (II. ip on M'', where d e N is 
the spatial dimension. Elements of M'' resp. are represented by bold letters, e.g. x € R^,^ e 
C*, and we write x = (xi, . . . , Xd)- For a multi-index k g Ng we define |k| := fci -|- • • • -I- kd, 

-.^ x'l^ ■ ■ ■ x^/ and k! := fci! • • • fc^!. Furthermore 

dx\' ■ ■ ■ dx'^a'' 

We adopt the notation for weighted Sobolev spaces on M'' from Section [51 as well as the nor- 
malization of the Fourier transform. 

We consider the Fokker-Planck operator on M'' given by 

L/:=V- (mV(^0^ = A/-Hx.V/ + d/, 

where /i(x) := exp(— |xp/2). The natural space to consider L in is E :— L^(l//i(x)). For 
spectral properties see [HI O [TH] . Since it is isometrically equivalent to the harmonic oscillator 
H := -A- d/2 + |x|2/4 in L'^(R'^), we transfer many resuhs of H (see [25] and [22l Theorem 
XIII. 67]) to L. In the following we summarize some properties of L in E: 

Theorem 4.1. The Fokker-Planck operator L in E has the following properties: 

(i) L with D(L) ~ {f £ E : Lf e E} is self-adjoint and has a compact resolvent. 
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(ii) The spectrum is cr(L) — —No, and it consists only of eigenvalues. 

(iii) For each eigenvalue — fc G o'(i) the corresponding eigenspace has the dimension C'^^^^) 
and it is spanned by the eigenf unctions 

d 

Mk(x) := Jl/i/cf (a;^), |k| = A:, 



where the Hj are defined in Theorem^ 

(iv) The eigenf unctions (Mk)keN'* form an orthogonal basis of E. 

(v) The spectral projection n^ fc onto the k-th eigenspace is given by 

IIl.a; = ^ Ili^k, where IlL,k '.^ — — Mk(-,Mk)_E- (4.1) 
|k|=fe 

There holds the spectral representation L = X^feeNo ^^^L.k- 

(vi) The operator L generates a Co-semigroup of contractions on for all k e No, where 
Ek := ker(ni_o + ■ ■ • + ^L,k-i)-: > 1, and Eq := E. The semigroup satisfies the 
estimate 

In order to consider L in L'^{uj) with a weight uj growing more slowly than we may 
apply Theorem [231 This yields the following generalization of the condition (|2.2I) on the weight 
function: 



3i? > : V|x| > R : Aw(x) - x • Vw(x) + (d - 2a)w(x) < 0, 
3(52 > (5i > : Vx e M'^ : Si < w(x) < (52/Ai(x). 



The weight function a;(x) :— cosh/3|x|, with /3 > 0, satisfies this condition for any a < 0. 
Analogously to Theorem 12.81 we conclude from Theorem [ 



Theorem 4.2. In £ := L'^{lo), with a;(x) = cosh/3|x| and /3 > 0, the operator L is closable, 
and C :— clf L has the following properties: 

(i) The spectrum satisfies cr{C) = —No, and M{L + k) — ker(£ + fc) = span{/Xk : |k| = k} 
for any fc G No. 

(ii) For any fc G No the closed subspace £k '■= c\s span{/ik : |k| > fc} is an C-invariant 
subspace of £ , and span{/Xk : |k| < fc} is a complement. In particular £q = £. 

(iii) The spectral projection Ilc,k to the eigenvalue — fc G —No fulfills rann£_fe = span{/ik : 
|k| — k} and kern£_fc = £k+i ffi span{/ik : |k| < k}. 

(iv) For any fc G Nq the operator C generates a Co-semigroup on £k, and there exists a 
constant Cfc > 1 such that we have the estimate 

||e*^k|L^(^^) <Cfce-'=*, Vt>0. 
By applying Lemma 12.111 we get by induction 

£k = {fe£: J^^ /(x)x'' dx = 0, |k| < fc - l} = {/ G £ : O'^fiO) = 0, |k| < fc - l}. (4.3) 

In £ there holds a Poincare-type inequality, namely there exists a constant Cp > such that 
for all / G Wi'2(w,w): 

||/L<C^||V/L. (4.4) 

This follows from [TBI Theorem 14.5]. The resolvent Rc{C) is compact in £ for all ( G p{C), 
which is obtained analogously to Theorem l2.18l bv using (|4.4p . only that here w{k) := — Aa;(x) + 
X • Va;(x) — (c? — 2ReC)aj(x). And [5H Theorem 2.4] yields the required compact embedding 
W^'^{zu,uj) £. 
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Due to (a small variant of) Theorem IX. 13] we have: There holds f £ £ iS f has an 
analytic extension (denoted by / as well) to the set '■= {z G : \ Imz| < (3/2} and 

sup ||/(- +ib)||i2(Rd) < oo. (4.5) 

|b|</J/2 

For any b G K'' with |b| < (3/2 we have /(^ + ib) = J'x^«(e'^ ''/(x)). The right hand side 
still makes sense for |b| = /3/2 as an L^(M'')-function. And according to this identity and 
Plancherel's formula there holds b ^ /(• + ib) e C{B{P/2,0); L^{R'^)), where B(/3/2,0) 



{b e K'^ : |b| < f3/2}. We can use this fact to define the norm 



\ " 

=1 



L2(R<i) 



2 



where di € R'^ is the vector whose i-th component is one, and all others are zero. The norm 
III • \\\i^ is equivalent to || • \\uj- 

Next we specify the conditions on the perturbation O. 

(Cd) Conditions on 0: We assume that 0/ — i!) * f, for f G £, where is a. tempered 
distribution that fulfills the following properties in for some /3 > 0: 

(i) The Fourier transform ?? can be extended to an analytic function in (also denoted 
by^), and (17^/2). 

(ii) It holds ??(0) = 0, i.e. ■& has zero mass. 

(iii) The mapping ^ i— ^ Re {}{^s)/sds is essentially bounded in r2^/2- 

Condition (Cd)(i) ensures that 9 G ^{£), which is seen by using the norm ||| • |||(^, and due 
to (Cd)(ii) we have Q : £k ^ £k+i for all k e No. In the following we always assume that 
(Cd) holds. 

Proposition 4.3. We have the following spectral properties of C + Q in £: 

(i) a{C + e)^ -No. 

(ii) For each k e Nq, the eigenspace ker(£ + + fc) has the dimension {^^'^^\ 

(iii) Under appropriate scaling, the eigenf unctions /k to the eigenvalue —k G No are explic- 
itly given by 

/k = D'^fo, |k| = k, (4.6) 

where 

/o(0:=exp(-^ + ^'^ds), |el7^/2CC'^. (4.7) 

Thereby fo is the unique stationary solution of the perturbed Fokker-Planck equation (OUP with 
unit mass. 

Proof (Sketch). Since the resolvent is compact (see the discussion above), the spectrum consists 
only of eigenvalues. As in the one-dimensional case one shows a{C + 0) C — Nq by applying 
n^.fc to the eigenvalue equation. This also implies dimker(fc + £ + 8) < dimranll^^fc — 
('^^fc^^)- Then one verifies that the functions /k given in (j4.6p are eigenfunctions, and lie in 
£, according to the condition (j4.5p . Since dimspan{/k : |k| = fe} = ('^"''f"^), there are no 
further eigenfunctions, due to the previous estimate on the dimension of the eigenspaces. So 
ker(fc + £ + 6) = span{/k ; |k| = fc} for all fc G Nq. □ 

Now we introduce 

Vi(0:=exp( Z'^ds), I e 17^/2, 



s 

and the mapping 'i! : f ^ f * ij). The results of Lemma [3.121 for still hold, and due to (14. 7p 
we have for all k e Nq: 

/k = f/ik- 
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As in Proposition 13113] we obtain Rc+eiOlSk = * o Rc{C) ° ^^^Isk^ all k e Nq and C e 
C\{— fc,— fc— 1,...}. The estimates p.6p and p. 81) immediately follow, and for the convergence 
to the stationary solution see Remark 13.151 As in Section |3] we finally have: 

Theorem 4.4. Let £ = i^(aj(x)dx), where w(x) = cosh/3|x|, /or some (3 > and x G M.'^, 
and let O fulfill the condition (Cj) for this (3 > 0. Then the perturbed operator C + O has the 
following properties in E: 

(i) It has compact resolvent, and a{C + 0) = <Tp(£ + 0) = — Nq. 

(ii) There holds M{C + + fc) — ker(£ + + fc) = span{/k : |k| = fc}, where the /k are 
the eigenf unctions given by \4-6^ - They are related by /k — D^fo. 

(iii) The spectral projection Vk to the eigenvalue — fc G —No fulfills ranVk = span{/k : |k| 
fc} and keiVk — £k+i ffi span{/k : |k| < k}, where the (C + Q)-invariant spaces £k are 
explicitly given in |^.g| ). 

(iv) For every fc G Nq, the operator [C + Q)\£^ generates a Co-semigroup (e*''''^®^ |fj.)f>o in 
£k, which satisfies the estimate 

l|e*(^+«)kl|^(^:,)<C.e-'=*, i > 0, 

where the constant Ck > is independent of t. 

5. Simulation Results 

In this section we shall illustrate numerically the exponential convergence for the one-dimen- 
sional perturbed Fokker-Planck equation (|l.ip . with i9 := e{5-a — <5a), i-C. Qf{x) — s{f{x + 
a) — f{x — a)), for some e, a G M. The cigcnfunctions fk of the evolution operator C -\- Q can 
be obtained by an inverse Fourier transform, with fk explicitly given in p.3p . If the initial 
condition is a (finite) linear combination of the fk , the solution to (jl.ip reads explicitly 

n n 

/(i,:r) = c*(^+«)[^a,/fe^] =^a,e-'=^%, Vi > 0. (5.1) 

In the simulation we use a mass conserving Crank-Nicolson finite difference scheme for (|1.1[) . 
It is employed on the spatial interval [—25, 25] (with 1500 gridpoints) along with zero-flux 
boundary conditions. Moreover, we choose a = e = 2 and /3 = 1, i.e. £ = L^(cosha::). 




1 2 3 4 5 6*^ 1 2 3 4 5 6 

Time t Time t 

(a) Initial condition = (/i - 1.32/2)/||/i - 1.32/2 (b) Initial condition ip2 = (X[-4,o] " X[o,4] )/IIX[-4,0] ~ 

X[o,4]ll£ S ^1- 



Figure 1. Evolution of the norm || • Wg of solutions of the perturbed equation 
for different initial conditions Lp. 

The following numerical results verify the decaying behaviour of solutions to (jl.ip , and yield 
an estimate to the constants Ck from Theorem 13.171 First we consider the initial condition 
= (/i — 1.32/2)711/1 — 1.32/2||£. For the corresponding solution we plot ||/(i, ■)\\s in Figure 
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1(a) Since the sequence {fk)keN is not orthogonal in £, the initial decay rate is here smaller 
than the individual decay rate of /i (i.e. —1). But after some time, the /i-term becomes 
dominant, and the decay rate approaches —1. For large times, the norm behaves approximately 
like 1.73 e~*, so we have the lower bound Ci > 1.73. 

As a second example we choose the initial condition ip2 — (x[-4,o] ~Xfo,4])/HXf-4. o] ~'X fo,4]l|£- 



It lies in £i since it is massless. The evolution of the norm is displayed in Figure 1(b) Here, 
the norm even increases initially. Only after some time, the norm begins to decay with a rate 
tending to —1. For large times t, the norm behaves approximately like 22.53 e~*, which shows 
Ci > 22.53. 

Appendix A. Space Enlargement 

To begin with, we review some properties of spectral projections and resolvents, cf. [291 
Chapters V.9-10], [30, Chapter VIII.8] and [H Sections III.6.4-5]. 

In the sequel, X is a Hilbert space, A £ "^{X), and we assume A € cr{A) to be an isolated 
point of the spectrum. Then the corresponding spectral projection Pa, a is defined by (|2.ip . 
and A is an isolated singularity of the resolvent Ra{C,)- Moreover, Ra{C,) can be expanded in a 
Laurent series in a neighbourhood of A: 

i?A(C)= E (C-A)M„, where A„:=^^^-5^[^dz, (A.l) 

and F is a sufficiently small, closed, counter-clockwise curve around A, see also (j2.ip . For every 
n S Z there holds An € ^^{X), and A^i is equal to Pa,\- 

Proposition A.l. For every n E N we have 

ran(A- A)" DkerP^.A, 

ker(A-yl)" CranPA,A. 

There exists some n G N such that both inclusion relations become equalities iff X is a pole of 
Ra{C)- In this case A £ ap{A), i.e. an eigenvalue. 

Proposition A. 2. For the reduction of A by a fixed spectral projection Pa, a we have: 

(i) There holds Pa,a^(^) C D{A), and kerPA,A (ind ran Pa, a o,re A-invariant subspaces of 
X. 

(ii) ^|ranPA,A ^ "^(rauPA.A) and A|kcrPA,A e ''^(kcrPA,A)- 

(iii) There holds a{A\^s.nPA.x) = W o,nda{A\\^c^Y>A.x) = ^{^)\{^}- Furthermore A\^s.nPA.>. € 
^(ranPA,A). 

(iv) //dimranPA.A < oo, then X— Al^i^np^ ^ is nilpotent, X is a pole ofRA{C), and X G ap{A). 

(v) If X is a pole of Ra{C), then M{X ~ A) — ker(A — A) iff the pole has order one. 

In the self-adjoint case we have the following result, cf. [19, Section V.3.5]: 

Proposition A. 3. // A is self-adjoint, then any isolated point X of the spectrum is an eigen- 
value, and the algebraic eigenspace coincides with the (geometric) eigenspace. Furthermore, X 
is a pole of Ra{C) of order 1, and the corresponding spectral projection is orthogonal. 

For a finite number of isolated points of the spectrum we have: 

Lemma A. 4. For e Nq, let A have isolated points of the spectrum C,q, . . . , C,n-i, which are 
eigenvalues with dim A/(Cfe — ^4) < oo for all < k < N — 1. Assume there exists a closed 
subspace Y (Z X , such that 

(i) Y is A-invariant, and a{A\Y) H {Co, • • • , C-W-i} = 0- 
(n) X can be decomposed as X ^ Y Q) M{Co - A) ® . . . ® M{C,n^i - A). 
Then Y = ker IIa, where IIa := ^a,o + • • ■ + nA,jv-i is the sum of the spectral projections H^A,k 
corresponding to the Ck, and M(C,k — ^) — ran IIa, fc for all < k < N — 1. 
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Proof. According to the assumptions there holds cr(A|y) = a{A)\{Co, . . . , (n~i}, and therefore 
the map ( i— )■ i?A(C)|y is analytic in p{A)U{(o, . . . , Cjv-i}- Due to the definition (I2.ip of spectral 
projections this implies that HamY = for every IlA,k, and therefore Y C kerllyi. On the other 
hand we have M{(k — A) C ranllyi^fc for allO < k < N —1, according to Proposition lA.il From 
dni) we conclude that the inclusions have to be equalities, otherwise kerll^ n ran 11^ 7^ {0}i 
which is impossible. 

□ 

Next we give an explicit bound for the resolvent in case that A generates a Co-semigroup 
and Ra{C) has a finite number of poles in A^. 

Lemma A. 5. Assume that A satisfies (LI') for a G M and Co:---:Ca'-i ^ ^a, for some 
G Nq. Furthermore, let A generate a Co-semigroup (e*'^)f>o satisfying the growth bound 

<Cae''\ Vi>0, (A.2) 

for some constant Ca > 1, where IlA,k denotes the spectral projection of A corresponding to Cfe. 
Then there exists a constant C > such that for all ( G Aa\{Coi ■ • ■ ; CiV-i}-' 

where dk is the order of the pole of Ra (C) Cfc • 

Proof. Let ( G Aa\{Coi ■ ■ ■ i Cn-i}- We have the decomposition of X according to A = F © 
(Co — ^) ffi ■ . ■ © Af (Cjv-1 — A) into a finite number of closed subspaces, where Y := keT{IlA.o + 
■ ■ ■ + IIa,n-i)- First we consider i?A(C) each subspace individually. On Y we have, due to 
(jA.2p and the Hille-Yosida theorem, the estimate 

WRAiOWWrnv) < (A-4) 

Next we consider Ra{0 on Yk := M{C,k — A) for some fixed < fc < A^ — 1. According to 
Proposition lA.ll there holds Yk = ranllA.fe. Now the coefficients An in (jA.ip (with A := Cfc) 
satisfy the relation AnUA,k = for all n G Nq (using A_i — IlA,k in ^8, Proposition VIILl.S]). 
Therefore we have due to (|A.1I) 

dk A 

RAiOWk = RAmA,k = E (.7,n - (A-5) 

n=l ^''> 

Since the operators An are all bounded, we deduce for every < fc < A' — 1 the estimate 

where Dk > is a constant. Using the unique decomposition of elements of X according to 
X — Y ®Yo(B ■ ■ ■ (B Yn-1, we may estimate the norm ||-Ra(C)I|.®(x) by the sum of the norms of 
Ra{C) on each of the subspaces of the decomposition of X. Combining (jA.4l) and (jA.Sp yields 
the desired estimate. □ 

We also need to introduce the following technical lemma: 

Lemma A. 6. Consider two Hilbert spaces X ^ X , and a projection Vx € SS{X), such that 
Px := 'Px\x G ^{X). Then ranP^r = cl^- ranPx and kerP^r = cIa' kerPx- 

Proof. We give here the proof of the equality of the ranges, the other identity can be shown 
analogously, using the complementary projections instead. On the one hand we have ranPx C 
ran Vx , and so cl^r ran Px C ran Px , since ran Px is closed in X due to the boundedness of Px ■ 
On the other hand Px = dx Px , which implies ran Px C cl^' ran Px . □ 
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Now we turn to the actual theory of enlarging the space X. The following theorem is an 
extension of [15i Theorem 2.1]. Here we cover the more general case in which the isolated points 
Co, • ■ • , C-/V-1 of the spectrum are not necessarily eigenvalues of A. 

Theorem A. 7. Let X ^ X be two Hilbert spaces, and A e "^{X), A £ '^{X) such that 
A = elf A. Assume there are numbers a € R and Co, ■ ■ • j Cn-i € for some N e No,, such 
that A satisfies (LI) and A in X satisfies (L2). Then there holds: 

1. A fulfills (LI) for the same a G R and Co, • • • Cn~i G ^a- 

2. For any C G Aa\{Co, • • • , Cw-i} we have the representation 

Ra{0 = {C- s)-' + Ra{OB{c - s)-\ 

which implies the estimate 

WRAiOWm^) < IKC - s)-%j^x) + l|i?A(C)IU(x)l!S(C- 

3. // we even require (LI') for A, then A also satisfies (LI') for the same a G R and 
Co, ■ ■ ■ G and the corresponding algebraic eigenspaces coincide, i.e. M{C,k — 
A) = M{Ck-A). 

Proof. For the proof of the inclusion a{A) n Aq C {Co, . . . , Ca^-i} ^'iid Result[5]we refer to [T51 
Theorem 2.1]. For the reverse inclusion, the proof in [T5] covers only the case Cfc S crp(A). 
Hence, we provide here an independent demonstration: Choose some Cfe € o'(^) ^ A^. The 
corresponding spectral projections satisfy \lA,k C ^A,k € S§{X), since Ra{0 <^ ^^(C) for any 
C G Aa\{Co, ■ • ■ , Civ-i}, cf. (|2.ip . If now Cfc ^ <^{A), the function C ^ Ra{0 would be analytic 
around Cfc, and therefore IlA.k = 0. But this would imply H^^^ = 0, which is a contradiction to 
the fact that Cfe € a-{A), and so we actually obtain (j{A) Ci Aa — {Co, • ■ • , Cw-i}- 

Let us now replace the assumption (LI) on A by the stronger requirement (LI'). We may 
apply Lemma IA.6I to the spectral projections IlA,k C H_4 fc, and get ranH^ ^ = c\x lanllA^k- 
Since dimrauH^jt < oo, ranH^i^fc is closed in X, and we conclude that rauH.^^^ = ranH^^^fc. 
Due to Proposition lA. 21 (pv)) and Proposition I A. 1 1 the equality of the eigenspaces follows. □ 

Now we finally turn to the proof of Theorem 12.51 parts of which are based on 15| and l^: 

Proof of Theorem \2.5\ From the assumptions (O-divl) the Result [5] is obtained by applying the 
Lumer-Phillips theorem. From this we conclude a{A\x^) H Aa = 0, and together with the 
assumptions ©-([nl) the Result [T] follows from Lemma FA. 41 

For ResultOwe adopt the proof of [15, Corollary 4.2]. We begin by showing that S generates 
a Co-semigroup on X. Since we assume B\x G S§{X), and since A generates a Co-semigroup 
on X due to the Result [2] just proven, the operator S\d(^a) = A — also generates a 

Co-semigroup on X. Due to the continuous embedding X ^ X, the mapping t e*"^'"*^'/ 
lies in C^([0, oo]; X) for any / e D{A) C X, and we compute 

A||e*'Sli>(A)j||^ = 2Re(5e*'5|°(-*'/,e*'5|"<-^)/)A' < 2a||e*'5l°(-^'/||^, 
since 5 — a is dissipative. Applying the Gronwall inequality this implies 

||e*'5|°(^)/||^<e'^*||/|U, yfeD{A),t>0. (A.6) 

Because of X ^ A" we have D{A) C X dense. So we can consider the closure T{t) := 
c\x e*'^l°('^' . We conclude that {T{t))t>Q is a Co-semigroup on X with generator cl^- S\d(A) (for 
this see [11] Section II. 2. 3]). On the basis of this result we now properly redefine S := clf S\d[a)- 
Together with B G 38 {X) this implies that also A :— c\x A = B-\-S\s the generator of a Co- 
semigroup, which we denote by (e*"^)t>o. So the operator A satisfies (L2): Condition (L2)(i) 
is fulfilled by the definition oi A =~B + S, and (L2)(ii) holds true for S (with iV = 0) 
due to the semigroup estimate (jA.6|) . Finally (L2)(iii) is satisfied, since A generates a Co- 
semigroup as well. Thus, the requirements of Theorem IA.7I being fulfilled, we conclude that 
(T(^)nAa = {Co, • ■ • , Ca'-i}- By ResultlTlof Theorem l2.5l we know that A satisfies (LI'). Hence, 
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Theorem I A. 71 further impUes that A also satisfies (LI'), the algebraic eigenspaces M((k — A) 
and M{(k — A) coincide for < fc < A'' — 1, and we have the representation of the resolvent 

Ra{0 {( - S)-' + RAiOBiC - S)-\ VCe AA{Co,...,Civ-i}. (A.7) 

For Result [4] we first characterize 11^. ^ in X. Since A satisfies (Ll')i Ra{C) has poles at 
C — Cfci cf. Proposition IA.2I (livl) . Hence, Proposition lA.il implies that ranXI^^^: = M{(k ^ A) for 
< A; < A — 1. Moreover, from the Result [T] shown above we have 

kern^,fe = A^ ® ( M{Q - A)) . 

Applying Lemma I A. 6 1 then yields the desired result for TlA.k- 

We now prove Result [5] by using the representation (|A.7p of the resolvent. For {d^ — S)~^ we 
have (jA.6|) . so we may apply the Hille-Yosida theorem to get the resolvent estimate 

\\{C-S)-'\\,^^x)<^^^, ReC>a. 

Due to the Results [T] and [2] already shown we may use the Lemma IA.5I for Ra{C), where 
ran(l — (II^^o + • • ■ + Ua.n-i)) — Xn and Cq := 1. So we obtain the estimate (|A.3() for Ra{C,) 
in ^(A). Altogether we obtain from (|A.7() for aU C e Aa\{Co, • • ■ , Cn~i}- 



\\Ra{0\Wx) 



< 



ReC 



1 IC-Co 



do-1 



C\\BU(^^^, max | |C-Coh " ' ' ^^'^ 



IC-Cjv-iI'^"--^ 



IC-Cjv-iI''"- 

Now we follow an idea from the proof of [31 Proposition 4.8]: Due to the Result 0] just shown 
above, C, i— )■ RAiOlx^ is analytic in A^, so it has no poles and is uniformly bounded on every 
compact subset of A^. Now we fix a compact set fie C A^, such that {^o, ■ • • , Cw-i} C and 
I^AiOlxK is uniformly bounded in Qc- In the "complement" Ao\ric we may apply (|A.8p . Since 
we have excluded the poles of RAiC) in A^, it implies that i?_4(C) remains uniformly bounded 
on Aa\ilc for any d > a. Combining these estimates we get 

sup ||i?^(C)U„|i.®(Ar„) < oo, Va > a. 

Rc C>d 

Then the Gearhart-Priiss-Greiner theorem (cf. [TTJ Theorem V.1.11]) yields the Result [5] □ 

Appendix B. Fourier Transform of the Resolvent 

This section deals with the explicit computation of the Fourier transform of the resolvent 
Rc+eiO of the (one-dimensional) perturbed Fokker-Planck operator C+Q in £, where O fulfills 
the condition (C). We begin by considering the resolvent equation 

iC- C-e)f = g (B.l) 

on M, where we assume C G A_fc and f,gCz£k for some /c G Nq. We apply the Fourier transform, 
which yields the following differential equation: 

/'«) + (? + m] = sK). (B,2) 



By defining / := ///o and g :— g/fo we obtain the equivalent equation 
The general solution for ^ G reads 

m = ms)s^-' ds + c±r^ =: m + CiC'^, (b.4) 

^0 
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where the C± G C are integration constants to be determined. For defining := exp(Cln^), 
we choose the following branch of the logarithm: In^ := log |^| + iarg^, with arg^ g [~f > T")' 
and log is the natural logarithm on M+. 

First we shall show that the integral /(^) is an analytic function on $7^/2- 9 & £k, then g 
is analytic in ftp/2 and has a zero at ^ = of order not less than k, see (|2.8p . Therefore, for 
any fixed ^ G A_fe, 



is locally integrable at s = 0, and /(^) is well defined for all f S i7^/2- To see that it is actually 
analytic, we define le{0 ■— Gki^, s)s'»+'^^^ ds for e G [0, 1), where 



se (0,1], 

s = 0, 



for ^ g ^13/2- The function Gk{-,s) is analytic in 17^/2 for all (fixed) s G [0,1], and Gk is 
continuous in ri^/2 x [0, 1]. According to pTOl Theorem 4.9.1], the functions leiO are analytic in 
flj3/2 for all e G (0, 1). Now we show that {Ie)6e{o,i) converges normally to / in 57^/2 as £ — 0: 
Let K C r2^/2 be compact. Then we have 



sup lGfc(f, s)\ < sup 
sG[0,l] se[o,i] 



Gfc(e, 



sup 

56^o\{0} 

se(o,i] 



< sup 
?e-ffo\{o} 



sup 1^'^ 



(B.5) 



since g(0/C'^ is analytic in f2^/2 (the singularity at ^ = is removable). Thereby, Kq is an 
appropriate convex, compact set with {0} U K C Kq C ^p/2, and Ck > is a constant. With 
(jB.sp we obtain the following estimate ioi £ K and < £ < 1; 

gRe C+fe 



\HO-m)\ 



< C 



K 



Re C + fc ■ 



Since Re^ + /c > 0, this shows the normal convergence of the analytic functions towards /. 
According to [TUl Theorem 4.2.3] this implies that /(^) is analytic in Vlp/2- 

Now it remains to determine the constants C± in (|B.4p . If we require / G 8k, it is necessary 
that / is analytic in ^p/2 and has a zero of order not less than fc at ^ = 0. As already shown, 
I{£) is analytic in fl/3/2- Furthermore, for g G £k and all (fixed) s G [0,1], ^ ^->■ Gk{^,s) has 
a zero of order not less than fc at ^ = 0. Therefore /(^) — Gk{^, s)s''+'"'^^ ds has the same 
property, so G £k- Thus, it is sufficient to consider the term C±^^^. If C ^ — Nq, then 

is not analytic in ri^/2 anyway, hence C+ — C- = Q. If C G {— ^ + li ■ • • : ^1} for g & £k, 
is analytic, and we obtain C+ = C_ because we require continuity of the solution. But the 
order of the zero of is at most fc — 1. Since we need a zero of at least order fc, we again 
obtain C+ = C_ = 0. The conclusion of the above analysis is summarized in the following 
proposition: 

Proposition B.l. Let g €z £k for some k G Nq, and ( G A_fc. Then the unique / G f/c with 
f = Rc+eiOg satisfies 



MsO 



s'^'^ ds, ^en 



P/2- 



(B.6) 
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